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SPLIT t-STRUCTURES AND TORSION PAIRS IN HEREDITARY CATEGORIES
IBRAHIM ASSEM, MARÍA JOSÉ SOUTO-SALORIO, AND SONIA TREPODE
Abstract. We give necessary and sucient conditions for torsion pairs in a hereditary
category to be in bijection with t-structures in the bounded derived category of that
hereditary category. We prove that the existence of a split t-structure with nontrivial heart
in a semiconnected Krull-Schmidt category implies that this category is equivalent to the
derived category of a hereditary category. We construct a bijection between split torsion
pairs in the module category of a tilted algebra having a complete slice in the preinjective
component with corresponding t-structures. Finally, we classify split t-structures in the
derived category of a hereditary algebra.
Introduction
The notion of torsion pair, or torsion theory, in an abelian category was introduced
by S. Dickson in the 1960’s, see [D]. Modeled after properties of torsion and torsion-free
abelian groups, it gives information on the morphisms in the category. The analogous
concept in a triangulated category is that of t-structure, introduced by Beı˘linson, Bernstein
and Deligne in [BBD].
The objective of the present paper is to compare torsion pairs in a hereditary category
H and t-structures in the bounded derived category Db(H) with special attention to
those which are split. Let k be an algebraically closed eld. Following [HRS1], we say that
a connected abelian k-categoryH is hereditary whenever the bifunctor Ext2H vanishes
and the category has nite dimensional Hom and Ext1-spaces.
Our starting point is an observation in [HRS1] saying that a torsion pair inH lifts to a
t-structure in Db(H). It is easy to see that the reverse procedure is obtained by taking
the trace of the t-structure onH. We deduce a bijective correspondence between torsion
pairs inH and t-structures (U, V) such thatH[1] ⊆ U andH ⊆ V. Here, [ · ] denotes
the shift of the derived category Db(H).
We then specialise our study to the split torsion pairs, namely those for which every
indecomposable object is either torsion or torsion-free. We wish to study when they lift to
split t-structures, that is, to t-structures (U, V) for which every indecomposable object
belongs either to U or to V[−1]. Our rst result says that the mere existence of a split
t-structure with nontrivial heart in a semiconnected Krull-Schmidt k-category implies
that this category is equivalent to the derived category of a hereditary category. This
generalises [BR](4.2). We next look at tilted algebras. Let H be an hereditary algebra. We
recall that an algebra A is called tilted of type H if there exists a tilting H-module T such
that A = EndT . Tilted algebras are characterised by the existence of complete slices in
their Auslander-Reiten quivers, see [ASS]. Denoting by C1 the transjective component of
the Auslander-Reiten quiver ofDb(modH) obtained by gluing the preinjective component
of H with the rst shift of the postprojective component, we prove the following theorem.
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Theorem. Let A be a representation-innite tilted algebra of type H having a complete
slice in the preinjective component. Then there exist bijective correspondences between:
(a) Split torsion pairs (T,F) in modA with all preinjectives inT and all postprojectives
inF.
(b) Split torsion pairs (T ′,F′) in modH with all preinjectives inT ′ and all postprojec-
tives inF′.
(c) Split t-structures (U, U⊥[1]) in Db(modH) with C1 lying in the heart.
While the bijection between (b) and (c) is constructed categorically using the description
of the derived category and does not require the splitting hypothesis, the bijection between
(a) and (b) requires the use of the tilting functors and uses essentially that the torsion pairs
are split.
Finally, we complete our results by deriving a classication of the split t-structures in
the derived category of a hereditary algebra.
1. Preliminaries
1.1. Notation. Throughout this paper, k denotes a xed algebraically closed eld. All our
algebras are nite dimensional k-algebras and our modules are nitely generated right
modules. The module category of an algebra A is denoted by modA. All our categories
are additive Krull-Schmidt k-categories. If C is a category and D a full subcategory of C,
we write X ∈ D to express that X is an object in D. The right and le orthogonals of
D are the full subcategories of C dened respectively by their object classes as:
D⊥ = { Y ∈ C | HomC(X,Y ) = 0 for all X ∈ D }, and
⊥D = { Y ∈ C | HomC(Y,X) = 0 for all X ∈ D }.
Given two full subcategoriesD1,D2 of C such that HomC(X2, X1) = 0 for allX1 ∈ D1
and X2 ∈ D2, then we denote by D1 ∨ D2 the full subcategory of C generated by all
objects of D1 and D2. For all basic notions of representation theory, we refer the reader
to [ARS, ASS].
1.2. Torsion pairs in hereditary categories. A connected abelian k-category H is
hereditary if, for all X , Y ∈ H, we have Ext2H(X,Y ) = 0 while HomH(X,Y ) and
Ext1H(X,Y ) are nite dimensional k-vector spaces.
An object T in a hereditary category H is tilting if Ext1H(T, T ) = 0 and if
HomH(T,X) = 0 = Ext
1
H(T,X) imply X = 0.
It is shown in [H2] that, if H is a hereditary category with tilting object, then H
is derived-equivalent to modH for some hereditary algebra H , or to modC , for some
canonical algebra C , in the sense of [R1]. In each of these two cases, the bounded derived
category Db(H) is a triangulated category with Serre duality.
A torsion pair (T,F) inH is a pair (T,F) of full subcategories such that:
(a) For all X ∈T , Y ∈ F, we have HomH(X,Y ) = 0.
(b) For any Y ∈H, there exists a short exact sequence (the canonical sequence of
Y ) of the form 0 −→ X −→ Y −→ Z −→ 0 with X ∈T and Z ∈ F.
Objects inT are called torsion, while those inF are called torsion-free.
Equivalently, a pair (T,F) of full subcategories is a torsion pair if and only ifT = ⊥F,
or if and only if F = T⊥. For instance, any tilting object T in H induces a tor-
sion pair (T(T ),F(T )) where T(T ) =
{
X ∈H | Ext1H(T,X) = 0
}
and F(T ) =
{ Y ∈H | HomH(T, Y ) = 0 }, see [HRS1, HR].
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A torsion pair (T,F) is split if every indecomposable object inH belongs either toT
or toF.
1.3. t-structures in triangulated categories. Let C be a triangulated category with
shift [ · ]. All triangles considered will be distinguished triangles. A full subcategory U of
C, closed under direct summands, is suspended if it is closed under positive shifts and
extensions, that is,
• If X ∈ U, then X[1] ∈ U.
• If X −→ Y −→ Z −→ X[1] is a triangle in C, with X,Z ∈ U, then Y ∈ U.
Dually, one denes cosuspended subcategories.
A t-structure, see [BBD](1.3.1), is a pair (U, V) of full subcategories of C such that
• If X ∈ U and Y ∈ V[−1], then HomC(X,Y ) = 0.
• U ⊆ U[−1] and V ⊇ V[−1].
• For any Y ∈ C, there exists a triangle X −→ Y −→ Z −→ X[1] in C with
X ∈ U, Z ∈ V[−1].
The t-structure (U, V) is split if every indecomposable object in C belongs either to
U or to V[−1].
A suspended subcategory U of C is an aisle if it is contravariantly nite in C. It
is proved in [KV](1.1)(1.3) that the following conditions are equivalent for a suspended
subcategory U of C:
• U is an aisle.
• (U, U⊥[1]) is a t-structure.
• For any Y ∈ C, there exists a triangle X −→ Y −→ Z −→ X[1] in C with
X ∈ U, Z ∈ U⊥.
The dual notion is that of coaisle, for which the dual statement holds.
The heart of the t-structure (U, U⊥[1]) is the full subcategory U ∩ U⊥[1], which is
abelian, because of [BBD](1.3.6).
Given a full subcategory U of C closed under extensions, an object X ∈ U is Ext-
projective in U if HomC(X,Y [1]) = 0 for all Y ∈ U, see [AS]. If C has Serre duality,
then an indecomposable object X ∈ U is Ext-projective in U if and only if τX ∈ U⊥,
see [?](1.5). The dual notion is that of Ext-injective in U, for which the dual statement
holds.
2. The lift and trace maps
Let H be a hereditary category. In this section, we compare torsion pairs in H
and t-structures in Db(H) by means of two maps. We start by recalling the following
lemma [HRS1](I.2.1).
Lemma 2.1. A torsion pair (T,F) in an abelian category A induces a t-structure
(UT , U
⊥
T [1]) in D
b(A) by:
UT =
{
X ∈ Db(A) | Hi(X) = 0 for all i > 0, H0(X) ∈T }, and
U⊥T =
{
X ∈ Db(A) | Hi(X) = 0 for all i < −1, H−1(X) ∈ F }. 
Thus, there exists a map φ : (T,F) −→ (UT , U⊥T [1]) from the class of torsion pairs
in H to the class of t-structures in Db(A). The map φ is called the li map. We now
proceed to dene a partial inverse map.
Lemma 2.2. Let U be an aisle, and V a coaisle in Db(H).
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• IfH[1] ⊆ U, thenT = U ∩H is a torsion class inH.
• IfH[−1] ⊆ V, thenF = V ∩H is a torsion-free class inH.
Proof. We only prove (a), because the proof of (b) is dual. In order to prove thatT = U∩H
is a torsion class, it suces to prove that T = ⊥(T⊥). Trivially, one has T ⊆ ⊥(T⊥).
Conversely, assume Y ∈ ⊥(T⊥) that is, HomH(Y,−)
∣∣
T⊥ = 0. Because U is an aisle,
there exists a triangle X −→ Y −→ Z −→ X[1] with X ∈ U, Z ∈ U⊥. Let Z ′ be
an indecomposable summand of Z . Because Y ∈ H, then Z ′ is concentrated in degree
0 or 1. Assume Z ′ = M [1] for some M ∈ H. The hypothesis yields Z ′ ∈ U. Hence
Z ′ ∈ U ∩ U⊥ = 0, a contradiction. Therefore, all indecomposable summands of Z are
concentrated in degree 0, that is Z ∈ H. Our hypothesis on Y yields g = 0, so Y is a
direct summand of X . Thus Y ∈ U. Because Y ∈ H, then Y ∈ T . This completes the
proof. 
Corollary 2.3. Let (U, U⊥[1]) be a t-structure in Db(H) such that H[1] ⊆ U and
H[−1] ⊆ U⊥. Then (U ∩H, U⊥ ∩H) is a torsion pair inH.
Proof. Because of lemma2.2, U ∩H is a torsion class, and U⊥ ∩H is a torsion-free class.
There remains to show that (U ∩H)⊥ = U⊥ ∩H. Clearly, U⊥ ∩H ⊆ (U ∩H)⊥.
Conversely, let Y ∈ (U ∩H)⊥. There exists a triangle in Db(H) X −→ Y −→ Z −→
X[1] with X ∈ U, Z ∈ U⊥. Because Y ∈H, every indecomposable summand X ′ of X
is concentrated in degree 0 or −1. However,H[−1] ⊆ U⊥ thus, if X ′ is concentrated in
degree −1, then X ′ ∈ U ∩ U⊥ = 0, a contradiction. Hence, X is concentrated in degree
0, that is, X ∈ H. So X ∈ U ∩H. Similarly, Z ∈ U⊥ ∩H. But then Y ∈ (U ∩H)⊥
implies f = 0, so that Y ∈ U⊥ ∩H. 
Thus, we have a map ψ : (U, U⊥[1]) −→ (U ∩H, U⊥ ∩H)
from the class of t-structures in Db(H) withH[1] ⊆ U,H[−1] ⊆ U⊥ to the class of
torsion pairs inH. The map ψ is called the trace map. We now prove that the trace map
and lift map are inverse to each other.
Proposition 2.4. LetH be an hereditary category, then the lift and the trace maps are
inverse bijections between the class of all torsion pairs (T,F) in H and the class of all
t-structures (U, U⊥[1]) in Db(H) such thatH[1] ⊆ U andH[−1] ⊆ U⊥.
Proof. We rst show that the image of φ lies in the class of t-structures satisfying the
stated conditions. Indeed, let (T,F) be a torsion pair inH, and φ(T,F) = (UT , U⊥T [1]).
Using the description of the category Db(H), see [H1], this may be expressed as follows
UT =T ∨
∨
j>0
H[j]
 , and
U⊥T =
∨
j<0
H[j]
 ∨F
whereT andF are considered as embedded inH[0] ⊆ Db(H). In particular,H[1] ⊆ UT
andH[−1] ⊆ U⊥T .
We now prove that φ and ψ are inverse bijections. If (T,F) is a torsion pair in H,
then it follows immediately from the denitions that ψφ(T,F) = (T,F). Conversely,
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let (U, U⊥[1]) be a t-structure in Db(H) such thatH[1] ⊆ U andH[−1] ⊆ U⊥, then
φψ(U, U⊥[1]) = (UU∩H , U⊥U∩H [1]) where
UU∩H = (U ∩H) ∨
∨
j>0
H[j]
 ⊆ U, and
U⊥U∩H [1] =
∨
j<0
H[j]
 ∨ (U⊥ ∩H) ⊆ U⊥
where, again,H is identied withH[0]. But then U = ⊥(U⊥) ⊆ ⊥(U⊥U∩H) = UU∩H .
We conclude that U = UU∩H and therefore φψ(U, U⊥[1]) = (U, U⊥[1]) as required.

Corollary 2.5. Let (T,F) be a torsion pair in an hereditary category H. Then the
indecomposable objects in Db(H) lying inT ∨F[1] are exactly the indecomposables in the
heart UT ∩ UT [1] of the lifted t-structure.
Proof. The indecomposable objects in the heart are concentrated in degrees 0 and 1, and
therefore coincide with the indecomposable objects lying inT ∨F[1]. 
3. The case of hereditary algebras
In this section, we assume our hereditary category to be of the form H = modH ,
where H is a representation-innite hereditary algebra. The representation theory of such
an algebra H is well-known, see, for instance, [ARS, ASS]. Indecomposable H-modules
are divided into three classes:P, consisting of the postprojective modules, R, consisting
of the regular, and I, consisting of the preinjective. Moreover, modH = P ∨ R ∨ I
and any morphism from an object inP to one in I factors through the additive category
addR generated by R. Also, the derived category Db(modH) is described, for instance,
in [H1]. Its indecomposable objects are also divided into classes: Cj , consisting of the
transjective objects, and Rj , of the regular ones, with j running over Z. These are related
toH-modules as follows. We have C0 = I[−1]∨P and, for each j, Cj = C0[j]. Similarly,
R0 = R and Rj = R[j] for each j. We then have Db(modH) =
∨
j∈Z(Cj ∨ Rj) and
any morphism from Cj to Cj+1 factors through addRj . The following picture (with
morphisms going from left to right) may be helpful for the reader.
Lemma 3.1. Let H be a representation-innite hereditary algebra.
(a) If U is an aisle in Db(modH) such that C1 ⊆ U, then
∨
j>0(Cj ∨ Rj) ⊆ U.
(b) If V is a coaisle in Db(modH) such that C0 ⊆ V, then
∨
j<0(Cj ∨Rj)∨ C0 ⊆ V.
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Proof. We only prove (a), because the proof of (b) is dual. If C1 ⊆ U, then, for each j > 0,
we have Cj = C1[j − 1] ⊆ U. Now consider Rj for some j > 0. If Y ∈ Rj , there
exists X ∈ Cj such that HomDb(modH)(X,Y ) 6= 0. Because Cj ⊆ U, we get Y /∈ U⊥.
In particular, Rj ∩ U⊥ = 0 for all j ∈ Z. We now prove that Y ∈ U. Consider the
triangle X −→ Y −→ Z −→ X[1] with X ∈ U, Z ∈ U⊥. Let Z ′ be an indecomposable
summand of Z . Then Z ′ /∈ Ct, for any t > j + 1, because Ct ⊆ U. Therefore, Z ′ ∈ Rt
for some t > j. However, Rt ∩ U⊥ = 0 for t > j > 0, a contradiction. Therefore g = 0
and so Y is a direct summand of X . In particular, X ∈ U. 
As a rst corollary, we consider split torsion pairs and t-structures induced by sections.
For sections in translation quivers, we refer the reader to [ASS] and recall that faithful
sections are complete slices. We need the following notation. Let Σ be a section in a
translation quiver Γ. We denote by Succ Σ the set of all successors of Σ in Γ, that is, of all
x in Γ such that there exist e in Σ and a sequence of arrows e = x0 −→ x1 −→ · · · −→
xt = x in Γ.
Corollary 3.2. Let H be a representation-innite hereditary algebra. The lift and the
trace maps restrict to inverse bijections between:
(a) Split torsion pairs (T,F) in modH such that all indecomposable Ext-projectives in
T form a section Σ in Γ(modH).
(a) Split t-structures (U, U⊥[1]) in Db(modH) such that all indecomposable
Ext-projectives in U form a section Σ in Γ(Db(modH)).
Proof. First, because of proposition 2.4 and their very denitions, the lift and the trace maps
restrict to inverse bijections between split torsion pairs in modH and split t-structures
(U, U⊥[1]) in Db(modH) such that modH[1] ⊆ U and modH[−1] ⊆ U⊥. Clearly,
if (T,F) is a split torsion pair as in (a), then T = Succ Σ if Σ is in I, while T =
Succ Σ∨R∨I if Σ lies inP. Because of lemma 3.1 above, in the rst case, it lifts to the t-
structure (U, U⊥[1]) such that U = Succ Σ∨R1∨
(∨
j>1(Cj ∨ Rj)
)
, and in the second
case, it lifts to the t-structure (U, U⊥[1]) such that U = Succ Σ∨R0∨
(∨
j>0(Cj ∨ Rj)
)
.
Conversely, taking the trace of a t-structure of one of these two types in modH yields a
torsion pair of the required form. 
We are now able to state and prove the main result of this section. Observe that the two
conditions C1 ⊆ U and C0 ⊆ U⊥ are equivalent to the sole condition C1 ⊆ U ∩ U⊥[1],
that is, C1 is contained in the heart.
Theorem 3.3. Let H be a representation-innite hereditary algebra. The lift and trace
maps restrict to inverse bijections between the class of all torsion pairs (T,F) in modH
such that I ⊆T ,P ⊆ F and the class of all t-structures (U, U⊥[1]) in Db(modH) such
that C1 ⊆ U ∩ U⊥[1].
Proof. Let
(
U, U⊥[1]
)
be a t-structure in Db(modH) such that C1 ⊆ U and C0 ⊆ U⊥,
and (T,F) is its trace, that is,T = U ∩modH andF = U⊥ ∩modH . We claim that
(T,F) is a torsion pair in modH such that I ⊆ T ,P ⊆ F. That (T,F) is a torsion
pair follows from corollary 2.3 and the fact that, because of the hypothesis and lemma 3.1,
we have modH[1] ⊆ C1 ∨ R1 ∨ C2 ⊆ U and modH[−1] ⊆ C−1 ∨ R−1 ∨ C0 ⊆ U⊥.
Moreover, I = C1 ∩modH ⊆ U ∩modH =T , so that I ⊆T . Similarly,F contains
P = C0 ∩modH .
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Conversely, let (T,F) be a torsion pair in modH such that I ⊆ T ,P ⊆ F, and let(
UT , U
⊥
T [1]
)
denote its lift to Db(modH). We claim that C1 ⊆ UT and C0 ⊆ U⊥T . Let
X ∈ C1. If X is an H-module, then X ∈ I ⊆T ⊆ UT . If not, then X = M [1] for some
H-module M . Taking cohomology, we get H−1(X) = M and Hj(X) = 0 for all j 6= −1.
In particular, X ∈ UT . Similarly, C0 ⊆ U⊥T .
Because of lemma 3.1, we have
∨
j>0 modH[j] ⊆ UT and
∨
j<0 modH[j] ⊆ U⊥T .
Then UT ∩ U⊥T = 0 yields
UT = (UT ∩modH) ∨
∨
j>0
modH[j]

U⊥T =
∨
j<0
modH[j]
 ∨ (U⊥T ∩modH) .
It is now clear that the lift and the trace maps are inverse bijections. 
For future reference, it is useful to observe that, because of their denitions, the lift
and trace maps also restrict to inverse bijections between split torsion pairs and split
t-structures satisfying the conditions of the theorem.
Let H be a wild hereditary algebra and M a quasisimple module. Following [AK],
we dene the le cone (−→ M ) to be the full subcategory of modH generated by all
the indecomposable H-modules X such that there is a path of irreducible morphisms
X = M0 −→ M1 −→ · · · −→ Mt = M with all Mi indecomposable. The right cone
(−→M ) is dened dually.
Corollary 3.4. Let H be a representation-innite hereditary algebra. Then U is an aisle
in Db(modH) without Ext-projectives and such that C1 ⊆ U ∩ U⊥[1] if and only if one of
the following two statements holds:
(a)
(
U, U⊥[1]
)
is a split t-structure with no Ext-projective objects, or
(b) H is wild, and each regular component Γ of the Auslander-Reiten quiver Γ(modH)
contains quasisimple modulesMΓ, NΓ such that
U =
∨
Γ
(−→MΓ) ∨
∨
j>0
(Cj ∨ Rj)
 , and
U⊥ =
∨
j<0
(Cj ∨ Rj) ∨
(∨
Γ
(−→ NΓ− > )
)
.
Proof. This follows at once from theorem 3.3 and [AK], theorem (B). 
4. Piecewise hereditariness
We now start our study of split torsion pairs / t-structures. Our objective in this
section is to prove that the mere existence of a split t-structure with nontrivial heart in
the bounded derived category of a nite dimensional algebra A suces to imply that the
module category of such an algebra is derived equivalent to a hereditary categoryH, so
that we only need to study the split t-structures in the derived category Db(H).
We recall that an algebra A is piecewise hereditary if modA is derived equivalent to
an hereditary categoryH, see [HRS2]. Typical example of piecewise hereditary algebras
are the quasitilted algebras of [HRS1] and the iterated tilted algebras of [H1].
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Lemma 4.1. LetK be a Krull-Schmidt triangulated category, and
(
U, U⊥[1]
)
be a split
t-structure inK. Then U is triangulated if and only if the heart U ∩ U⊥[1] is zero.
Proof. Indeed, U is not triangulated if and only if there exists an indecomposable object
X ∈ U such that X[−1] /∈ U. Because (U, U⊥[1]) is split, X[−1] /∈ U means that
X[−1] ∈ U⊥ or, equivalently, X ∈ U⊥[1]. Then U is not triangulated if and only if there
exists an indecomposable object in the heart U ∩ U⊥[1]. 
Before quoting our next result, we need some terminology. LetK be a Krull-Schmidt
triangulated category and X , Y be two indecomposable objects inK. A semipath from
X to Y (path in the terminology of [R2]) is a sequence (X = X0, X1, . . . , Xn = Y ) of
indecomposable objects Xi in K such that, for each i, we have HomK(Xi, Xi+1) 6= 0
or Xi+1 = Xi[1]. In the latter case, we say that a jump occurs. Thus, a semipath
without jumps is a path in the sense of [HRS1]. A semiwalk from X to Y is a sequence
(X = X0, X1, . . . , Xn = Y ) of indecomposable objects Xi inK such that, for each i, one
of the following three conditions occurs: HomK(Xi, Xi+1) 6= 0, HomK(Xi+1, Xi) 6= 0
or Xi+1 = Xi[s] for some s ∈ Z. The category K is called semiconnected (path-
connected in the terminology of [R2]) if, given any two indecomposable objects X , Y in
K , there exists a semiwalk from X to Y . It is shown in [R2] that, ifK is a semiconnected
Krull-Schmidt triangulated category, then K is the derived category of a hereditary
category if and only if there exists an indecomposable object X inK with no semipath
from X[1] to X .
Lemma 4.2. Let K be a Krull-Schmidt triangulated category, and
(
U, U⊥[1]
)
a split t-
structure inK . ThenK contains no semipath from an indecomposable object in U to one in
U⊥.
Proof. Assume thatK contains a semipath (X = X0, X1, . . . , Xn = Y ) from X ∈ U to
Y ∈ U⊥. We rst claim that this semipath contains no jumps. For, assume this is the case.
ThenK contains a semipath (Y0, Y1, . . . , Ym) from Y0 ∈ U to Ym ∈ U⊥ containing a
minimal number of jumps. Assume that the rst jump occurs at i, so that Yi+1 = Yi[1]. The
semipath (Y0, Y1, . . . , Yi−1, Yi = Yi+1[−1], Yi+2[−1], . . . , Ym[−1]) contains one jump
less than (Y0, Y1, . . . , Ym). Because Ym ∈ U⊥, we have Ym[−1] ∈ U⊥ as well. On the
other hand, Y0 ∈ U. We thus get a contradiction to our minimality hypothesis. This
establishes our claim.
Thus, our semipath (X = X0, X1, . . . , Xn = Y ) is a path and HomK(Xi, Xi+1) 6= 0
for all i. Because HomK(X,X1) 6= 0 and X ∈ U, we get X1 /∈ U⊥. The t-structure
being split, we getX1 ∈ U. Inductively, we get Y = Xn ∈ U. But then Y ∈ U∩U⊥ = 0,
a contradiction. 
We now prove the main result of this section.
Theorem 4.3. Let K be a semiconnected Krull-Schmidt triangulated category, and(
U, U⊥[1]
)
be a split t-structure inK with nonzero heart. Then there exists a hereditary
categoryH such thatK ∼= Db(H).
Proof. Let X be an indecomposable object in the heart. We claim that there is no semipath
from X[1] to X . Indeed, assume that such a semipath (X[1] = X0, X1, . . . , Xn = X)
exists. Then there exists another semipath (X = X0[−1], X1[−1], . . . , Xn[−1] = X[−1])
from X to X[−1]. Because X lies in the heart, we have X ∈ U. But also X ∈ U⊥[1]
which implies X[−1] ∈ U⊥ and then lemma 4.2 gives a contradiction. This proves our
claim. Invoking Ringel’s result as quoted above completes the proof. 
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Corollary 4.4. Let A be a nite dimensional connected algebra, and
(
U, U⊥[1]
)
be a
split t-structure with nontrivial heart in Db(modA). Then A is piecewise hereditary. 
5. Tilting and torsion pairs
Let H be a hereditary category, with tilting object T . The endomorphism algebra
A = EndH T is then said to be quasitilted, see [HRS1]. Typical examples of qua-
sitilted algebras are the tilted algebras, see [ASS] or [H1], and the canonical algebras,
see [R1]. The tilting object T induces a torsion pair (T(T ),F(T )) inH and a split tor-
sion pair (X(T ), Y(T )) in modA byT(T ) =
{
X ∈H | Ext1H(T,X) = 0
}
, F(T ) =
{ Y ∈H | HomH(T, Y ) = 0 } andX(T ) = Im Ext1H(T,−), Y(T ) = Im HomH(T,−).
Considering these subcategories as embedded in Db(H), we have Y(T ) = T(T ) and
X(T ) = F(T )[1]. We rst prove that any split torsion pair inH induces a split torsion
pair in modA.
Lemma 5.1. LetH be an hereditary category with tilting object T and A = EndH T . A
split torsion pair (T,F) inH induces a split torsion pair (T ′,F′) in modA.
Proof. Let (T,F) be a split torsion pair inH. We claim thatT ′ = (Y(T ) ∩T) ∨X(T )
is a torsion class in modA.
We rst prove thatT ′ is closed under quotients. Let X −→ Y be an epimorphism in
modA with X ∈ T ′. We may assume that X is indecomposable. If X ∈ X(T ), then
Y ∈X(T ) becauseX(T ) is a torsion class. Therefore, in this case, Y ∈ T ′. Otherwise,
X ∈ Y(T ) ∩T . Because X ∈T , it is an object inH, hence so is Y and then Y ∈T . But
also, X ∈ Y(T )∩H =T(T ) gives Y ∈T(T ), becauseT(T ) is a torsion class inH. But
then Y ∈ Y(T ) ∩T =T ′.
We next prove thatT ′ is closed under extensions. Let 0 −→ X −→ Y −→ Z −→ 0 be
a short exact sequence in modA, with X , Z ∈T ′. We may assume that both X and Z are
indecomposable. If X and Z both belong toX(T ) or both belong to Y(T ) ∩T , then so
does Y because each of these classes is closed under extensions. Because (X(T ), Y(T ))
is split, the only case to consider is when X ∈ Y(T ) ∩T and Z ∈X(T ). Using again
that (X(T ), Y(T )) is split we have Y = Y ′ ⊕ Y ′′ with Y ′ ∈ X(T ), Y ′′ ∈ Y(T ). It
suces to prove that Y ′′ ∈T . Now Y ′′ ∈ Y(T ) implies Y ′′ ∈H. Then, either the short
exact sequence above splits, and we are done, or else there exists a nonzero morphism
X −→ bY ′′ in H. Because X ∈ T , no indecomposable summand of Y ′′ belongs to F.
But (T,F) splits in modA, therefore Y ′′ ∈T . This establishes our claim.
Let F′ = T ′⊥. In order to prove that (T ′,F′) is split, it suces to prove that F′ =
Y(T )KT = Y(T )∩F. Assume thatX ∈ Y(T )KT , we claim that HomA(−, X)
∣∣
T′ = 0.
Indeed, X ∈ F implies that HomA(−, X)
∣∣
T
= 0, hence HomA(−, X)
∣∣
T∩Y(T ) = 0. But
also X ∈ Y(T ) implies HomA(−, X)
∣∣
X(T )
= 0. Therefore HomA(−, X)
∣∣
T′ = 0, as
required. Conversely, let X ∈ F′ be indecomposable. Then X /∈ T ′. In particular,
X /∈X(T ). Therefore X ∈ Y(T ) because (X(T ), Y(T )) is split. But then X /∈T ′ also
implies that X /∈T . Therefore X ∈ Y(T ) K T . The proof is now complete. 
Observe that nontrivial torsion classes inH map to nontrivial torsion classes in modA.
Indeed,T ∩T(T ) 6= 0 above impliesT ′ ∩ Y(T ) 6= 0.
Let H be a hereditary algebra. We recall that an algebra A is tilted of type H if there
exists a tilting H-module T such that A = EndTH , see [ASS]. We denote byPA, IA
respectively the postprojective and the preinjective components of the Auslander-Reiten
quiver Γ(modA), and byPH , IH those of Γ(modH).
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Proposition 5.2. Let A be a representation-innite tilted algebra of type H having a
complete slice in the preinjective component. Then there exists a bijective correspondence
between the class of split torsion pairs (T,F) in modA such thatPA ⊆ F, IA ⊆ T and
the class of split torsion pairs (T ′,F′) in modH such thatPH ⊆ F′, IH ⊆T ′.
Proof. There exists a tilting module T such thatA = EndT . The correspondence between
modA and modH induced by the tilting functors is summarised in the following picture
(see [ASS]).
Note that, while (X(T ), Y(T )) is split in modA, (T(T ),F(T )) is usually not split in
modH . The proof is done in three steps.
We start by dening a map ζ from the set of split torsion classes T in modA with
IA ⊆ T ,PA ⊆ T⊥ = F to the set of split torsion classesT ′ in modH with IH ⊆ T ′,
PA ⊆T ′⊥ = F′.
LetT be a split torsion class in modA and let
T ′ = Im(T ⊗A T ) = {M ⊗A T |M ∈T }
in modH . ThusT ′ is actually contained insideT(T ).
We claim that, in fact,T ′ = Im ((Y(T ) ∩T)⊗A T ). Indeed, let M ∈T and consider
its canonical sequence in the torsion pair (X(T ), Y(T ))
0 −→MX −→M −→MY −→ 0
with MX ∈ X(T ), MY ∈ Y(T ). Applying − ⊗A T , we get M ⊗A T ∼= MY ⊗A T ,
because MX ⊗A T = 0. Moreover, M ∈ T implies MY ∈ T hence MY ∈ Y(T ) ∩T .
This establishes our claim
We next claim thatPH∩T ′ = 0. Indeed, letX ∈PH∩T ′ be indecomposable. Because
X ∈ T ′, there exists M ∈ Y(T ) ∩T such that X ∼= M ⊗A T . Because M ∈ Y(T ),
we have HomH(T,X) ∼= HomH(T,M ⊗A T ) ∼= M ∈ T . On the other hand, X ∈PH
implies HomH(T,X) ∈PA. This contradicts the fact thatPA ⊆ F by hypothesis. Our
claim is proved.
We now prove thatT ′ is a split torsion class by proving that it is closed under successors.
Assume we have a nonzero morphism X −→ Y with X , Y indecomposable and X ∈T ′.
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We rst show that, under these hypotheses, Y ∈T(T ). Consider the canonical sequence
of Y in the torsion pair (T(T ),F(T ))
0 −→ YT −→ Y −→ YF −→ 0
with YT ∈T(T ), YF ∈ F(T ). Assume YF 6= 0. Because YF ∈ F(T ) ⊆ addPH , every
indecomposable summand of YF lies inPH . BecausePH is closed under predecessors,
Y and also X are inPH . But this contradicts the facts that X ∈ T ′ andPH ∩T ′ = 0.
Therefore YF = 0 and Y = YT ∈ T(T ), as required. Hence HomH(T, Y ) ∈ Y(T ).
BecauseX ∈T ′ ⊆T(T ), the tilting theorem asserts the existence of a nonzero morphism
HomH(T,X) −→ HomH(T, Y ) in modA. Now HomH(T,X) ∈ T: indeed, X ∈ T ′
says that there existsM ∈ Y(T )∩T such thatX ∼= M ⊗A T . Therefore HomH(T,X) ∼=
HomH(T,M ⊗A T ) ∼= M ∈ T , where we have used that M ∈ Y(T ). Because T
is closed under successors, we have HomH(T, Y ) ∈ T . Because Y ∈ T(T ), we have
Y ∼= HomH(T, Y )⊗A T ∈T ′.
LetF′ =T ′⊥. Then (T ′,F′) is a split torsion pair in modH . MoreoverT ′ ∩PH = 0
impliesPH ⊆ F′ and also IH = (IA ∩ Y(T ))⊗A T ⊆T ′, because IA ⊆T .
For future use, we characterise the modules in F′. We have X ∈ F′ if and only if
HomH(−, X)
∣∣
T′ = 0, that is, HomH(L ⊗A T,X) = 0 for all L ∈ T or, equivalently,
HomA (L,HomH(T,X)) = 0 for all L ∈T . Thus X ∈ F′ if and only if HomH(T,X) ∈
F.
This completes the denition of the map ζ :T −→T ′
We next dene a map χ from the set of split torsion classesT ′ in modH withIH ⊆T ′,
PH ⊆ T ′⊥ = F′ to the set of split torsion classes T in modA with IA ⊆ T ,PA ⊆
T⊥ = F.
LetT ′ be a split torsion class in modH andF′ =T ′⊥. Let
F = HomH(T,F
′) = {HomH(T,X) | X ∈ F′ }.
As in 1. above, it is easy to see that, in fact,F = Hom(T,F′ ∩T(T )) ⊆ Y(T ).
We claim that IA ∩ F = 0. Indeed, assume M ∈ X(T ), then M /∈ Y(T ) hence
M /∈ F. Otherwise, M ∈ Y(T ) ∩ IA implies that M ⊗A T ∈ T(T ) ∩ IH ⊆ T ′. If
M ∈ F, then there exists X ∈ F′ ∩ T(T ) such that M ∼= HomH(T,X). But then,
X ∈T(T ) yields M ⊗A T ∼= HomH(T,X)⊗A T ∼= X ∈ F′, a contradiction. Therefore
M /∈T , establishing our claim.
We prove that F is a split torsion class by proving it is closed under predecessors.
Assume we have a nonzero morphism −→ L− > M , with L, M indecomposable and
M ∈ F. Because of our claim above,M /∈ IA. Hence,M ∈ Y(T ). Because Y(T ) is closed
under predecessors, L ∈ Y(T ) so L⊗A T ∈T(T ). The tilting theorem yields a nonzero
morphism L⊗A T −→ M ⊗A T . Because M ∈ F, there exists X ∈ F′ ∩T(T ) such
thatM ∼= HomH(T,X). BecauseX ∈T(T ), we haveM⊗AT ∼= HomH(T,X)⊗AT ∼=
X ∈ F′. BecauseF′ is closed under predecessors, L⊗A T ∈ F′. Then L ∈ Y(T ) yields
L ∼= HomH(T, L⊗A T ) ∈ F. We are done.
LettingT = ⊥F, we get a split torsion pair (T,F) in modA. Also,IA ∩F = 0 yields
IA ⊆T , andPA = HomH(T,PH ∩T(T )) ⊆ F, becausePH ⊆ F′.
We now characterise the modules in T . We have L ∈ T if and only if
HomA(L,−)
∣∣
F
= 0, that is, if and only if HomA (L,HomH(T,X)) = 0 for all X ∈ F′
or, equivalently, HomH(L ⊗A T,X) = 0 for all X ∈ F′. Thus, L ∈ T if and only if
L⊗A T ∈T ′.
This completes the denition of the map χ :T ′ −→T
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Finally, we prove that ζ and χ are inverse to each other. We rst show that χ ◦ ζ = id.
LetT be a split torsion class in modA such that IA ⊆ T ,PA ⊆ T⊥. Let L ∈ T , then
L⊗A T ∈ Im(T ⊗A T ) = ζ(T). ThereforeT ⊆ χζ(T).
Conversely, let L ∈ χζ(T). Then L ⊗A T ∈ ζ(T) and there exists L′ ∈ T ∩ Y(T )
such that L⊗A T ∼= L′ ⊗A T . Denoting by δL the unit of the ⊗−Hom−adjunction, we
have δL : L −→ HomH(T, L⊗A T ) ∼= HomH(T, L′ ⊗A T ) ∼= L′ because L′ ∈ Y(T ).
Now Y(T ) is closed under successors, hence L ∈ Y(T ) and so δL is an isomorphism.
Thus L ∼= L′ ∈T . Therefore χζ(T) ⊆T and we have proven that χ ◦ ζ = id.
In order to prove that ζ ◦ χ = id, let T ′ be a split torsion class in modH such that
IH ⊆ T ′, PH ⊆ T ′⊥. Let X ∈ ζχ(T ′). Then there exists L ∈ χ(T ′) such that
X ∼= L ⊗A T . But L ∈ χ(T ′) implies L ⊗A T ∈ T ′. Therefore X ∈ T ′ and so
ζχ(T ′) ⊆T ′.
Conversely, let X ∈ T ′. Because T ′ ⊆ T(T ), there exists L ∈ Y(T ) such that
X ∼= L⊗A T . Because L⊗A T ∈T ′, we have L ∈ χ(T ′) so L ∈ χ(T ′)∩ Y(T ) and then
X ∈ Im ((χ(T ′) ∩ Y(T )⊗A T ) = ζχ(T ′). ThusT ′ ⊆ ζχ(T ′) and so ζ ◦ χ = id. 
This leads us to our main result of this section.
Theorem 5.3. LetA be a representation-innite tilted algebra of typeH having a complete
slice in the preinjective component. Then there are bijective correspondences between the
following three classes:
(a) Split torsion pairs (T,F) in modA such that IA ⊆T ,PA ⊆ F.
(b) Split torsion pairs (T ′,F′) in modH such that IH ⊆T ′,PH ⊆ F′.
(c) Split t-structures
(
U, U⊥[1]
)
in Db(modH) such that C1 ⊆ U ∩ U⊥[1].
Proof. We combine proposition 5.2, theorem 3.3 and the remark just following it. 
We shall give a precise description of the t-structures considered above in section 6
below. Note that, if A is a representation-innite tilted algebra of euclidean type, then, up
to duality, we may assume that it has a complete slice in the preinjective component. The
above theorem then applies.
6. Split t-structures
The objective of this nal section is to give a complete description of the split t-structures
in Db(modH) when H is an hereditary algebra. We start by considering the case where
the aisle of the t-structure admits an indecomposable Ext-projective object. For the notion
of presection, we refer the reader to [ABS].
Lemma 6.1. Let Q be a quiver and
(
U, U⊥[1]
)
a split t-structure in Db(mod kQ). If a
component Γ of Γ(Db(mod kQ)) contains an indecomposable Ext-projective in U, then:
(a) Γ is a transjective component in Γ(Db(mod kQ)).
(b) The indecomposable Ext-projectives in U form a section in Γ.
(c) There are no indecomposable Ext-projectives in U in the other components of
Γ(Db(mod kQ)).
Proof. LetE0 ∈ U be an indecomposable Ext-projective in U lying in Γ. Then τE0 ∈ U⊥.
(a) Assume rst that Γ is a stable tube. Then there exists s > 1 such that E0 = τsE0.
Because s > 1, τsE0 precedes τE0 and hence lies in U⊥, because of lemma 4.2.
But now E0 ∈ U, and we have a contradiction. If Γ is a component of type ZA∞,
there exist t > 1 and a nonzero morphismE0 −→ τ tE0, see [K](1.3). Again, τ tE0
precedes τE0 and hence lies in U⊥. Then E0 ∈ U yields the same contradiction
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as before. Therefore E0 lies neither in a stable tube, nor in a component of type
ZA∞. Hence, Γ is a transjective component.
(b) Because Γ is transjective, it is of the form ZQ. In order to prove that the Ext-
projectives constitute a section in Γ, it suces to prove that they form a presection,
because of [ABS] proposition 7. Let E0 −→ X be an arrow in Γ, with E0 inde-
composable Ext-projective in U. Observe that, because X succedes E0, we have
X ∈ U. Assume X is not Ext-projective. Then τX /∈ U⊥. Because (U, U⊥[1])
is split, we get τX ∈ U. On the other hand, there is an arrow τ2X =⇒ τE0 and
τE0 ∈ U⊥. Therefore τ2X ∈ U⊥. This implies that τX is Ext-projective. Dually,
if Y −→ E0 is an arrow in Γ, then either Y or τ−1Y is Ext-projective in U. This
completes the proof.
(c) It follows from (b) that the number of isomorphism classes of indecomposable Ext-
projectives in U lying in Γ equal |Q0| = rkK0(kQ). Because of [?] theorem 2.3,
there are no other Ext-projectives. 
Corollary 6.2. Let Q be a quiver and
(
U, U⊥[1]
)
be a split t-structure in Db(mod kQ).
Then the number of isomorphism classes of indecomposable Ext-projectives in U is either
equal to zero or to |Q0|. 
We are now able to state and prove our main result of this section, which describes
completely the split t-structures considered in corollary 3.2 and theorem 5.3.
Theorem 6.3. Let Q be a quiver and
(
U, U⊥[1]
)
be a split t-structure in Db(mod kQ).
Then we have one of the following:
(a) If U admits at least one indecomposable Ext-projective, then it admits |Q0|, the set
of which forms a section in a transjective component Ci and then
U = (Succ Σ) ∨ Ri ∨
∨
j>i
(Cj ∨ Rj)
 .
(b) If U has no Ext-projective and kQ is tame, then there exist i ∈ Z and a subset
L ⊆ P1(k) such that
U =
(∨
λ∈L
Tλ
)
∨
∨
j>i
(Cj ∨ Rj)

where Ri = (Tλ)λ∈P1(k).
(c) If U has no Ext-projective and kQ is wild, then there exists i such that either
U =
∨
j>i
(Cj ∨ Rj) or U = Ri ∨
∨
j>i
(Cj ∨ Rj)
 .
Proof. Assume rst that kQ is representation-nite. In this case, either U is triangulated
or else there exists an indecomposable object X ∈ U such that X[−1] /∈ U. Hence there
exists an indecomposable object E0 in the τ -orbit of X such that E0 ∈ U but τE0 /∈ U.
Because
(
U, U⊥[1]
)
is split, τE0 ∈ U⊥ and E0 is Ext-projective. Lemma 6.1 then gives
a section Σ in Γ(Db(mod kQ)) consisting of Ext-projectives. It is then easily seen that
U = Succ Σ.
Thus, assume that kQ is representation-innite.
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Assume rst that kQ is wild. In this case, the transjective components Ci are of the
form ZQ, while the regular families Ri consist each of innitely many components of
type ZA∞.
In case U admits an indecomposable Ext-projective, then, because of lemma 6.1, this
Ext-projective lies in some Ci, there is a section in Ci consisting of Ext-projectives and
we conclude as in the representation-nite case. We may thus assume that U has no
Ext-projectives.
Let X , Y be any two indecomposable regular kQ-modules. Because of [K](1.3), there
exists t > 0 such that HomH(X, τ tY ) 6= 0. Thus, if X ∈ U then so does τ tY and
hence so does Y . Dually, if Y ∈ U⊥, then X ∈ U⊥. This proves that either all regular
components in a given Ri lie in U, or they all lie in U⊥. Thus we have one of the
following cases: either there exists i ∈ Z such that Ri ⊆ U = 0 and Ci+1 ⊆ U and then
U =
∨
j>i(Cj ∨Rj), or else there exists i ∈ Z such that Ci−1 ∩ U = 0 and Ri ⊆ U, in
which case we have U = Ri ∨
(∨
j>i(Cj ∨ Rj)
)
.
Finally, assume that kQ is tame. Again the Ci are of the form ZQ while each regular
family Ri consists of a separating family of pairwise orthogonal stable tubes indexed by
the projective line P1(k). If U admits an indecomposable Ext-projective, then we proceed
as in the wild case above. If not, then there are two cases. If there exists i ∈ Z with
Ci ∩ U = 0 and Ri ∩ U 6= 0, letTλ be a tube in Ri such thatTλ ∩ U 6= 0, thenTλ ⊆ U.
If, on the other hand, Tµ ∩ U = 0, then Tµ ⊆ U⊥. The pairwise orthogonality of the
tubes implies the existence of a subset L ⊆ P1(k) such that
U =
(∨
λ∈L
Tλ
)
∨
∨
j>i
(Cj ∨ Rj)
 .
If, on the other hand, there exists i ∈ Z such that Ri ∩ U = 0 and Ci+1 ∩ U 6= 0, then
we proceed as before taking L = ∅ and we get U =
∨
j>i(Cj ∨ Rj). 
For the notion of tilting complex, we refer the reader to [Ri].
Corollary 6.4. Let
(
U, U⊥[1]
)
be a split t-structure in Db(mod kQ) andE1, . . . , En be
a complete set of representative of the isomorphism classes of indecomposable Ext-projectives
in U. Let E =
⊕n
i=1Ei. Then
(a) E belongs to the heart, so U is not triangulated.
(b) E is a tilting complex in Db(mod kQ) and U is the smallest suspended subcategory
of Db(mod kQ) containing E.
Proof. (a) We claim that, for any i, Ei[−1] /∈ U. Indeed, if this were the case and
Ei[−1] ∈ U, then we get HomDb(mod kQ)(Ei, Ei) = HomDb(mod kQ)(Ei, Ei[−1][1]) =
0 because Ei is Ext-projective in U, and this is an absurdity. This shows our claim.
Because
(
U, U⊥[1]
)
is split, Ei[−1] ∈ U⊥ and so Ei ∈ U⊥[1]. Because Ei ∈ U,
we indeed get Ei ∈ U ∩ U⊥[1]. Finally, E lies in the heart, because each Ei does.
The last statement follows from lemma 4.1.
(b) Because of corollary 6.2, we have n = |Q0|. Applying [?] corollary 4.4, we get
that E is a generator of Db(mod kQ). Hence it is a tilting complex. The second
statement also follows from [?] corollary 4.4. 
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